Abstract. A method for finding the singular system of the Mie scattering kernel for continuous data over all angles is given, based on a result for the spherical harmonic expansion of the kernel. This technique provides a limit to the system obtained using discrete data. Results are given for continuous data and finite support. A comparison is made with the Fraunhofer kernel as the large-particle limit of the Mie case. The use of weighted spaces for the inversion is discussed.
Introduction
The problem of particle size determination by the inversion of a scattered-light distribution has a considerable literature. The description of light scattering from particles admits of three regions:
(1 .i) particles of radius << wavelength (Rayleigh scattering); (1 .ii) particles of radius comparable to the wavelength (Mie scattering); (1 .iii) particles of radius >> wavelength (Fraunhofer diffraction limit). The exact theory for scattering by a spherical particle is solvable from Maxwell's equations [l-31. The Rayleigh limit can be derived from the small-particle limit to this theory. The Fraunhofer limit is essentially different, however, derived correctly only for small angles in the forward direction, where the approximation sin(6) 5 8 is accurate.
In this Fraunhofer region, applicable for radii greater than about ten times the wavelength of light, the scattered intensity &(e) per unit area of detector, for an incident intensity I, is given by:
&(e) = g ( m = IY@> R ) l 2 f ( 4 da 1,
where f (~) is a continuous probability distribution for the -particle size parameter a = 2nrn,//Z for a particle of radius r and monochromatic radiation of wavelength A, in a medium of refractive index n,. Y(i3, a ) is given by
The singular-value analysis of this case has been fully developed by Bertero et a1 [4, 51. In their analysis the distribution to be found is in fact p ( a ) = a 4 f ( a ) so that the kernel 0266-5611/89/050671 + 19 $2.50 0 1989 IOP Publishing Ltd
The four independent factors SI,, S12, S, , , and S, , are derivable exactly from Maxwell's equations, and are functions of 8, the angle of measurement from the scattering plane, with the problem possessing azimuthal symmetry by definition.
More complex situations may be analysed by constructing an amplitude scattering matrix that is a linear sum of the matrices S of equation (2.1) for the different particle sizes and refractive indices. Thus, consider the situation where a mixture of particles is irradiated by a plane wave and observed in the far field, where the following assumptions are required: (2.i) only single-scattering occurs, and no phase relations exist between light scattered from different particles; (2.ii) the particles are all spheres whereas they may be irregular. Let the particles have a size distribution f (a) and refractive index distribution q(m) where m is the (complex) refractive index. Then we may form the amplitude scattering matrix of the ensemble to obtain z,(e, n) = g(e, ~) z ,
The inverse problem to this is to obtain information about the size and refractive index distribution comprising the linear sum of amplitude scattering matrices. Since, as will be shown, the problem is severely ill-conditioned it is usual to impose a third restriction: (2. iii) The particles are restricted to only one refractive index (i.e. q(m) is a &function). Assumptions (2.9 and (2.ii) are required in order that Mie theory is applicable. Assumption (2.iii) is applicable in some physical applications-for example, the remote sensing of radiation scattered from atmospheric aerosols-but in general need not be accurate.
In most physical applications, measurements are only made of total intensity wherein the incident radiation has Q, = U, = V, = 0. In fact if the incident wave is plane polarised then U, and V, will still be zero and because of the block diagonal nature of S in (2.1) only two perpendicular polarisation measurements need be made. Considering the total received intensity, in all cases, equation (2.2) reduces to a Fredholm integral equation of the first kind where I, and Z, are now scalars, and we have used X, to represent the kernel which will depend on the exact measurements being made. In practice, a noise term should also be included. Two separate possibilities exist for applying the Mie kernel to particle sizing:
Formally some other possibilities exist, for example refractive index determination, but these would appear to have less practical applications. As is well known the inversion of a Fredholm integral equation of the first kind is in general an ill-posed problem, so that an attempted inversion must analyse the nature of the ill-conditioning of the kernel [8, 9. 18-20] . It is characteristic of naive inversions of Fredholm integrals that oscillations develop in the solution, leading to the use of regularisation techniques.
Naturally it is attractive to analyse this problem analytically as far as is possible. McWhirter and Pike [6] have demonstrated on analytical technique for deriving singular functions and singular values of any kernel of product type %(x, Y> = X(4 (2.6) where z = xy, by use of the Mellin transform, subject to a normalisation criterion that the kernel J O x X z r ' dz be finite, which is often satisfied by physical kernels. Thus Bertero and Pike [4] have derived the singular spectrum of the Fraunhofer scattering kernel. This analytic technique applies to continuous data and infinite support, and has further been shown to give an upper bound to the spectrum for discrete data and infinite support. Further investigation of varied bounded and profiled supports is also possible For the extinction problem the kernel may be written as a function of kr where k = 2n/3,, so that this kernel also falls into the class covered by McWhirter and Pike (equation (2.6)). Viera and Box [21] have obtained the analytic singular functions for this case. Consideration of the Mie scattering kernel is considerably more complex.
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Derivation of the kernel
The derivation of the Mie kernel is well known and need not be given here [l-31. It is most conveniently found by considering the radial component of the Poynting vector of the scattered radiation from a sphere. An incident plane wave E, exp[i(wt -k * v)] gives rise to internal and scattered waves E,,, and E,. By expansion in spherical harmonics and matching of boundary conditions at the surface of the sphere, the scattered wave is found to be a superposition of functions whose radial components are Hankel functions, and whose angular components are derived from the associated Legendre polynomials. Using The inversion of the Mie kernel is potentially interesting because the kernel itself possesses a high degree of oscillation which suggests that the classic instability due to the smoothing out of fast oscillatory components in the solution space may not occur. However, in practice the oscillation of the kernel is so fine that the particle distribution would need to be computed on an extremely fine quadrature grid. This itself produces attendant problems with the noise in the data. Figure 1 indicates the behaviour of the Mie kernel. The log intensity has been plotted as a function of ci from 0 to 50 and of 0 from 0 to 180 degrees, for a relative refractive index of 1.2 (no imaginary component). The precise nature of the oscillation has been studied carefully. Fahlen and Bryant E221 report that the principal oscillation is at 2(m -I ) in a, where m is the real part of m, and is explicable in terms of surface waves on the sphere. Other oscillations are at 0.8 and 0.277 in U. It has been stated that ripple structure does not exist below IO-' in r [23] , but this is far too fine an interval to use in the construction of a matrix approximation to the kernel.
Dejnition of the operator interpretation of the Mie kernel
In the following we consider the Mie kernel as an operator from L2[a,, a , ] to L 2 [ -1,1]. We will include a discussion of weighted spaces for comparison with the Fraunhofer case [5] . Thus define the integral operator under consideration as 1 Q P Q 1 (2.12) with X given by equation (2.9), and the profiling factor P(u) introduced to allow weighted inversions. Unless explicitly stated, the profiling function is 1. Bertero et a1 [4, 
Continuous data and finite support
We assume that the intensity function g(p) is given on all p in [po, pl] . Then the inversion of equation (2.12) is equivalent to finding the inverse operator to X . The singular system {a,; U, , v, 1 is defined by:
where the adjoint operator X * is given by and the generalised inverse is Xt given by
Then the singular functions uk (a) are the eigenfunctions associated with eigenvalues c, = CT;, of the self-adjoint, positive definite integral operator
and similarly
Po where '%(,U, p') is given by
Consider the form of B(a, a ' ) in the limit of full angular data, i.e. [po, p l ] + [ -1,1]. We make use of the convolution theorem for the Legendre transform [24] to write:
where the Legendre transform of a function f (p) is defined by:
In a previous paper [25] we determined the Legendre transform of the Mie kernel as where (3.11) for any a, U', and the g k and u k can be obtained by eigen decomposition of its symmetric matrix representation. Derivation of the data space singular vectors q ( p ) on the other hand will require numerical integration of the operator V(p, p'). Thus V must be derived from a summation of the form (3.14) where 6, is the quadrature weight. Because of the oscillatory nature of X as a function of a, this will be very sensitive to the quadrature used. A better method therefore is to use equation (3.1) directly.
Discrete data and finite support
We now assume that the function g(p) is given only on a finite set of points {e,, c2,. . . , cN} so that equation (2.12) is now and the norm in the space of the data is given by a scalar product such as
with the weights wfl introduced for the quadrature integration. It is precisely here that care must be taken because of the very oscillatory nature of the kernel.
The adjoint operator X is given by In addition, as pointed out above, the a integration also requires a quadrature approximation. We thus require eigenvalues of the matrix operator defined by (4.9)
In the following results we consider equal spacing in 0 which leads to wfl = sin(€',) de, and linear spacing in a.
Results
We compare results from the methods described in $8 It is interesting to test whether the Mie kernel does approach the Fraunhofer limit as a -+ CO. The results for discrete data were compared with those of Bertero et a1 [5] 
Decomposition in weighted spaces
Here, an a4 weighting was employed to make the kernel consistent with Bertero et a1 [5] .
In physical terms this technique incorporates some of the solution function into the kernel. In the limit, if the profiling function were the solution, then the derived solution for the case of 48 discrete data points. The angular range, of course, is necessarily restricted to the angle corresponding to the second zero of the Fraunhofer diffraction pattern. As expected the solution-space functions are now much more weighted to the small particle sizes, and are generally smoother. The data-space functions on the other hand are broader, reflecting the increased contribution of the smaller particles.
Discussion
The lack of approach to the limit found in 8 5 needs further clarification. One possible explanation would be to blame the errors due to quadrature in c1 used in equation (4.8) .
To this end the results in table 2 were repeated with the same parameters, but performing a four-point trapezoidal integration within each particle size interval. Although the results changed slightly they were in no case different by more than 2%. This is a similar result to the effect of discrete sampling in the data space shown in table 1. We believe the failure to approach the limit is due to the inappropriateness of the Fraunhofer approximation for particles in these ranges of optical properties. As mentioned in § 1, the Fraunhofer approximation is derived in a separate way, by considering diffraction by an aperture. A particle will not approximate an aperture unless, possibly, it has infinite imaginary refractive index. Van der Hulst [28] investigated the limit a + c c of the Mie functions. He showed that for CI >> 1 the scattered-light intensity contains two separate parts, the first an exact agreement to the Fraunhofer approximation and independent of the particle type, and the second dependent on the particle optical properties, which describes the reflected and refracted rays. Several authors have compared Fraunhofer and Mie functions with reference to this observation [ 13, 291. It would be more appropriate to compare Mie functions to such 'Mie-corrected' Fraunhofer approximations. We hope to return to this topic in a separate publication.
Conclusions
A method for finding the singular system of the Mie scattering kernel for continuous data over all angles has been given. It is based on a result for the spherical harmonic expansion of the kernel. This technique provides a limit to the system obtained using discrete data. In all cases it was found that the use of discrete intervals resulted in slightly reducing the information content of the kernel, in a monotonic fashion with increasing interval size. These conclusions are certainly to be expected, although are necessarily based on a limited set of numerical trials.
An attempt was made to find the Fraunhofer kernel as a large-particle limit of the Mie case. The singular values of the Mie kernel for different ranges of support and discrete data were compared with those of the Fraunhofer kernel for the same discrete data values. It was not possible to approach the Fraunhofer limit despite considering size
The singular system of the Mie scattering kernel We believe this lack of approach to the limit is caused by the inapplicability of the Fraunhofer approximation of particles of low imaginary refractive index. Lastly we note that inversion of scattering data in the Mie region is very sensitive to the choice of support, and to the range of the data. Most inversion schemes attempt to use maximum a priori knowledge in this respect. In a subsequent paper we will report on test inversions and regularisation techniques. Thus substituting into (3.10) we obtain
K , m ( P ) = TCn(P)TCm(p) + zn(P)zm(p)
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